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the distribution of Mun eccidents bosad on the number of past accidents This

article presents @ methed for deriving such distributions veing severcl predictive
. eritorio. It is sssumed thet on individual s ocsident experience is o Poisson procass
s with the parameder g linear function of criferion varicbles. An iterative weighted
feathasquares procedure is usad 10 solve the system of moximum lkelihood equa-
lions required for astimating this parameter end a large sample test procedure is
Ucstroted. The renabdity of the model is viewed in the ight of actval data.

1. INTRODUCTION

In 1920, Greenwood and Yule [6] proposed an accident
frequency model which assumes that the number of
accidents experienced by an individual is a Poisson
process, i.¢., the probability of his experiencing n acci-
dents during a time interval of length ¢, p(n, {), is given by

F’"(Rt)” n-O, 1,2,...,
Al A>0, >0,

p(n! t) - (1-1)

and assumes further that X is a value of a random vari-
able having a gamma distribution with density function

(r/m)"
r{)

A—le=Cmn A >0, m>0,

gi\) = r>0.

in time ¢ is negative binomial
n
gn, t) = (

TERDED o

=1 n=0,132---,r>0 m>0, t>0,

with mean mt and variance mi(14mi/r). _.-"
[ Using this model, Arbous and Kerrich [1], Bates acd
| Neyman [2], snd Edwards and Gurland [4] derived
] various bivariate sccident distribution models which
- differ in certain underlying assumptions. These bivariate
1. models can be used to obtain distributions of future
4. accidents conditioned upon the number of past accidents.
= Insurance companies and motor vehicle departments bave
long recognized, however, that factors other thanacci-
-dent h:story are related o future sutomobﬂe sccxdent
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““The resulting unconditional distributionfor n aceidents
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Variovs aceident frequency models have appeared in the lerature which predict | driven and conviction ‘history. Accepting the proposition

that an individual driver’s accident frequency over a
short period of time follows (1.1), the purpose of this
article is to demounstrate 3 method for estimating the
parameter A\, the “accident rate potential” associauted
with the individual, as a function of k eriteria.

2. THE DATA

The 1964 California Driver Record Study [3] contains
data collected on about 148,000 motorists over a period
of three years, 1961-63. These data include information
on certain attribuzes of the individuals in the sample
along with their driving record. In Section 5, data from
the California study will be used to arrive at an estimat-
ing function for M with respect to male drivers during
1983 based on certain personal characteristics and driv-
ing performance of the individual during the preceding
two years. In Table 1 we see the fit of the negative bi-
nomial model (1.2) tc the sample data using the method
of moments.

N

ACTUAL AND THEORETICAL 1963 ACCIDENT

Table 1. .
—— DISTRIBUTIONS FOR MALE DRIVERS* . .. ...
cidents zetic
0 80,369 8,372
1 5,910 3,902
2 his h20
» 12 »
86,726 85,726

xZ = 0.07, 1 a.2.
» Sowrce: (3, Part6], s |
To explore further the validity of the model’s assump-
tions, the 148,000 individuals in the California sample
were pertitioned into 2,880 groups according to sex,

marital status, age, area of residence, conviction history
and gecident history. A computer program wss used to
obtain the 1963 accident distributions for the 193 groups
that contained 100 or more individuals and to fit s
Poxsson distribution (1.1) to eich such group. In 167 or
86.5 percent of the 193 cases the bypotheexs of 2 Poisson
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&utnbutxon was accept.a.ble at the .05 level of sxgmﬁcance
We may conclude from these results that the six ¢riterion
vmables did a credible job of classifying the md;wdua]s

‘}‘mnm‘"":s noinzilagd 1A

3. THE MODEL 296162 - Empirical:  Eecimatel
b Addmbnd analym o(the Californis datuevem i}utm Fr L 2 Z : ‘c'p = El*}‘i .72 oma3
s linear or near linear relationship exists between the o - 112 s ,
mean accident frequency per unit time and several in- L T g RGTERRTSY
vestigated criterion variables. For exsmple, a plot of 2+ .1bsk ..1529 L
scoident rate versus age class (in 5-year units) suggests ) o Soeree: 11
8 hyperbolic type relationship between the two variableg, =~ ===« =7 755wy ey 0o
If we assign the reciprocal of the integers 1,2, - - -, 12 o . )
" to the twelve age classes by the transformation . tion or criterion variables, i.e., . Co e )
' z = 5/(sge = 13) . A=botBmt - +Bm o (3_.1:‘3& _

and let y represent the accident rate over the three-_', ear
period, we obtain the estimation function

9 = 0.1823 + 0.3183z
using weighted regression analysis. In Tsble 2 we find

.. the companson of estunated accident rates with the

empmeal rates.

Toble 2. EMPIRICAL AND ESTIMATED ACCIDENT RATES
ON TRANSFORMED AGES FOR MALES, 1961-63*

irieal - Estipate

Under 21 k68 A59
21 - 25 -332 - 3

- 26 -3 <250 .288
R -1Lo .253 ,253
M -6 229 T .ae6
Over 60 | .20k 210

* Sowuree: 3. Part 3]

As a second illustration, we may look at the relation-
ship between future accident involvements and accident
history. If we accept the tenet that the negative binomial
model (1.2} is at least sn approximstion to actusl auto-
mobile expenence, we have reason to believe that future
accident rates are linearly related to the incidence of past
accident involvements on a theoretical basis (see [1]).
To oonfirm thisi™a weighted regression analysis of 1963
sccidents on the number of 1961-62 involvements for

‘male California. motorists produced the rate function

§ = 0.07234 + 0.03818c.

The result of this analysis is given in Table 3. Similarly,
linear relationships were found between accident rates
and other variables such as traffic density and conviction
count. :

On the basis of these analyses let us hypothesize that
the parameter ) of (1.1) is a linear function of k classifica-
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EMPIRICAL AND ESTIMATED 1963 ACCIDENT RATES’ 2%
" BASED ON 1961-62 ACCIDENT SRY, 8 P

EXPERIENCE FOR MAI.ES'

- 4 MULTIPLE POISSON REGRESSION ANALYSIS
For the sake of simplification in the deveiopment that‘
follows, Jet t=1 in Equsation (].1). Then, from (1.1) azd
(3.1), the probability that the jth individual in s sample’ .
will be involved in n; sccidents durmg the next unit of e
timeisgivenby..___.. ... —— 2

( ) m[ Euﬂﬁdd]( 2:-05.2‘-,) 4 , o
P 7, _ (&)
n; = 0: 1; 29 ) z‘i-oﬂizi)' >0.

With respect to a sample of size s, the likelibood function :
is . ‘

. exp[- 2:-03%'3]( Z:—Oﬁ“ti)"
L = Hi-l ’ ..ni! .

Taking the natural logarithm we obtain
Inl = — E,-x Z.—o Bay + Z}-x n; In( E—x ﬂﬂu)

i Z:-llnns
Differentiating with respect to p., i=0, 1, 2, ) k,
we get .
3 ln L Zim;
aBi 2H Y Z’ RO ( Z B‘zv)

On setting the k+1 partials equal to zero, the system of
maximum likelihood normal equations obtained is

' Tyry .’ . ‘ .
j 5y 1-0,1,"',]:. 4.2)
Z"‘(Z PRRR R
Jorgenson [7] showed tha.t a solution to the set of‘ i
Equstions (4.2) can be obtained by using an iterativé
weighted least-squares procedure. If N; is the random -
varisble having distribution (4.1), then the pamrneter A
associated with thejth individual is . s

M= EWN) = TiaeBay = Var(N).
In mtnx notatlon, -
Ca=E(N) = X3 and Cov(N) = V e

e ‘\.'__,;‘\-\_.‘,,,\_u;
e



Regression Analysis of o Poisson Process

where 3, Nand 3 are sX1, $X1 and (k+1) X1 vectors. X
is an #X(k+1) matrix having the values of the eriterion
variables 38 elements and V is an sXs diagonal matrix
with elements z;= Zf_., Bizi;- It is well knowa (e.g.,
see [5]) that the minimum variance linear unbiased
estimator for B is

§ = (XV1X)"IXV-IN.
Also, according to general linear model theory, if x; is the
vector of criterion vamblu eorrespondmg to the jth
individual,
E(x/®) =3 and Var(x/®) = 5/(X'V-X)-'x;,

Unfortunately, since § is unknown, the matrix V is
unknown. Our problem then is to obtain an estimate of
V which in turn gives us an estimate of 3. Following
Jorgenson (7], we let V.. denote the estimate of V" ob-
tained on the mth iteration and we let the corresponding
estimate of § be

bp= (X'V "X)“X’V ~in (3)

whers n is the vector of values corresponding to the
random vector N. Let '9‘. be the 3Xs 1dermty matrix and
define

Vair = diaz[x;’b., Xy bm, -+, X'Ba).

The iterations are continued until convergence is realized,
Le., baji =ba. Denote this equality vector by b. Then

- (X'V-1X)" X' V-in (4.4)

where V is the equality matrix V.._..,- V. As our fipal
estimate of \; we use .

RYEE S #3)
. and asan estimate of the-varisnceof \; wemay use * -~——-
Var(h;) = x/ (X V"‘X)-lx, (4.8

ISR b2 T 7 T

As 8 result of using Pin place of the unknown matrix
the estimate (4-5) for \; is not unbiased and the variance
of the corresponding estimator is unknown.. However
Jorgenson [7] points out that (4.4) is best asymptotically
normal (BAN) and that the iterative procedure con-
verges provided that Va snd (X’? —‘X)"x aro poahve
definite for all m. K

Work by Wald (8] provxdes s theoretaca.l basis for
testing

, Hilg=1y 1)
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where L is 3 known £X (k+1) matrix of rank £ <k+1 and
v is a specified vector of copnstants. The appropriate test
statistic ‘

W= (Lb — 7)’[L(X’V"X)"L']"(Lb - ) (48

is asymptotieally distributed as chi square with ¢ de-
grees of freedom. This can be used to test such hy-
potheses as

Ho:Bi=0 and H, A= 3 =),

Using formula (4.3) to compute the Pctor b4 is not
feasible when the sample size s is large, as in the example
of the next section where s =86,728. In this study [9],
bmi1 Was caleulsted for m=0,1, 2, - - -, by applying a
weight of

( 2:—0 bi(n)z(j)—“z

to the data and then using s standard least-squares re-
gression program. Here bim) is the ith element in the
vector ba. The reader is reminded that this procedure is
simply the method of weighted least squares where the
weights are the reciprocals of the standard deviations of
the dependent varinbles and the system of normal equa-

tions is
z Ly (n) Zc-o bo(ﬁl)zq)
Jal
2\-0 bimiZss

It is readily seen that this system reduces to system (4.2)
when Ditmeny =bim forall ¥=0,1,2, - - - |k,

5. NUMERICAL EXAMPLE

In this section we summarize the reaults of the multiple
Poisson regression technique discussed in the previous
section as applied to the sample of nearly 87,000 male
drivers in the California study. With » representing the
number of accident involvements during 1963, the
sslected criterion variables were:

zy =ths natural logarithm of the: traffic density lndex of the

.. . county in which the driver resides, .

zy=5/(age-13), )

n=the number of wunublo convictions incurred during
years 1961-62,

Temths uumber of accident involvc:m.nu mcurred duriag
years 1961-62,

z; = the number of aoncountable conVicmon: mcumd during
years 1961-62.

Convergence to sevea decimal places in the b vector was
achieved on the fifth iteration. The final estimation fune-
tion for M and the estimate of the covariance matnx of
the § estimator sre:

=0,i=0,1,.-- kK

% = 0.00274 + 0.00909z; + 0.0532z, + 0.0223z, + 0.0216z, + 0.0169z, -

[ 0.1981 "—0.0384

S0 ] -0.0%84  0.0085
| @OV-iX)r= 10| —0.0754 - —0.0004
: , " 0.0041 —0.0012
0.0021 =0.0013

| -0.002¢  0.0007

—0.0734  0.004L  0.0021 =0.0024"
—0.0004 ~0.0012 ~=0.0013 | 0,0007
0.4058 —0.0137 —0.0057 =0.0162
—0.0137  0.0142 —0.0052 . —0.0050
—0.0057 ~0.0052 0.0654 —0.0030
" —0.0162 —0.0050 —0.0030 ° 0.0623_




s

It is instructive to see how the final estimate for §,
namely, by compares with the initial, or unweighted least-
squares estimate, bo, and the first weighted least-squaru
estmte bs. Thm is shown in Tabled.

S e e ad e

Tablo 4 COMPARISON OF FINAL EST‘MATE FOR § WITH -

" FIRST. TWO ESTIMATES :- eotn

Varisdle .. b

B9 % -r. Py . - P
X, .= -002025%, .0028429 .., +002ThkS -
N ’.0102197 - 0090929 - ©7.0090912"
5 0566302 . .0530796 . .0532hes -
xg 0197855 0222322 . 0222984
x, .0221827 .021kL53 0215772
% 0177242 0168427 - .0168559

Table 5. ESTIMATES OF & AND ITS STANDARD DEVIATION
FOR INDIVIDUAL MALE DRIVERS '

"

0 6 0 (] (] 0293 0028
5 @ 1 [} 1 " .08AL

pL é 2 1 3 Eiit ook
10 Ao 2 (] ] -omal 003
% ] [ } [ -0kpT <00
150 ) ] [} [ o581 0013
T ] 1 1 " 2036 .00AS
» . 20 ° [ ° 0768 .0038
am 0 ] 2 1 21

In Table 5, the values of A and its estimated standard
deviation are given for selected values of the criterion
varisbles.

Finally, we illusirate the use of the Wald asymptotic
test statistic (4.8). Suppose we wish to test the by-
pothesis

H': B* = 0.
Referring to statement (4.7), here

L=1[0,00010] snd y=0.

Hence

ey om,
e

y = ((2-16 X 10")’/00654 X 10“) - 71 35

Compmng with 6.64, the 01 pomt of the x'(l) dxs-
tribution, we conclude that B.#O aia o

As a second example, suppose it iz of mtemt to test the
hypothems .

! .

H 1-02000
—",,‘

for those dnvers belongmg to the cla.as represented by the
la.sthne in Tuble 5. In this instance, :

= [1,1n150,5/7,3,2,1]. snd T-ozooo
Calculation of the W test statistic givesus
' = ((.0131)1/(.0059)?) = 4.93

wh.lch falls between the .05 and the .025 points of the
x*(1) distribution.
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